Ultralight bosons can induce superradiant instabilities in spinning black holes, tapping their rotational energy to trigger the growth of a bosonic condensate. Possible observational imprints of these boson clouds include (i) direct detection of the nearly monochromatic (resolvable or stochastic) gravitational waves emitted by the condensate, and (ii) statistically significant evidence for the formation of "holes" at large spins in the spin versus mass plane (sometimes also referred to as "Regge plane") of astrophysical black holes. In this work, we focus on the prospects of LISA and LIGO detecting or constraining scalars with mass in the range ms ∈ [10 −19 , 10 −15 ] eV and ms ∈ [10 −14 , 10 −11 ] eV, respectively. Using astrophysical models of black-hole populations calibrated to observations and black-hole perturbation theory calculations of the gravitational emission, we find that, in optimistic scenarios, LIGO could observe a stochastic background of gravitational radiation in the range ms ∈ [2 × 10 −13 , 10 
Ultralight bosons can induce superradiant instabilities in spinning black holes, tapping their rotational energy to trigger the growth of a bosonic condensate. Possible observational imprints of these boson clouds include (i) direct detection of the nearly monochromatic (resolvable or stochastic) gravitational waves emitted by the condensate, and (ii) statistically significant evidence for the formation of "holes" at large spins in the spin versus mass plane (sometimes also referred to as "Regge plane") of astrophysical black holes. In this work, we focus on the prospects of LISA and LIGO detecting or constraining scalars with mass in the range ms ∈ [10 −19 , 10 −15 ] eV and ms ∈ [10 −14 , 10 −11 ] eV, respectively. Using astrophysical models of black-hole populations calibrated to observations and black-hole perturbation theory calculations of the gravitational emission, we find that, in optimistic scenarios, LIGO could observe a stochastic background of gravitational radiation in the range ms ∈ [2 × 10 −13 , 10 
I. INTRODUCTION
The first gravitational wave (GW) detections by the Laser Interferometric Gravitational-wave Observatory (LIGO) are a historical landmark. GW150914 [1] , GW151226 [2] , GW170104 [3] and the LVT151012 trigger [4] provided the strongest evidence to date that stellar-mass black holes (BHs) exist and merge [5] [6] [7] [8] [9] . In this work we discuss the exciting possibility that LIGO and space-based detectors like LISA [10, 11] could revolutionize our understanding of dark matter and of fundamental interactions in the Universe.
Ultralight bosons -such as dark photons, the QCD axion or the axion-like particles predicted by the string axiverse scenario -could be a significant component of dark matter [12] [13] [14] [15] . These fields interact very feebly with Standard Model particles, but the equivalence principle imposes some universality in the way that they gravitate. Light bosonic fields around spinning black holes trigger superradiant instabilities, which can be strong enough to have astrophysical implications [16] . Therefore, GW detectors can either probe the existence of new particles beyond the Standard Model or -in the absence of detections -impose strong constraints on their masses and couplings [17] [18] [19] [20] [21] [22] .
Superradiance by rotating BHs was first demonstrated with a thought experiment involving particles [16, 23] . Penrose * richard.brito@aei.mpg.de imagined a particle falling into a BH and splitting into two particles. If the splitting occurs in the ergoregion, one of the fragmentation products can be in a negative-energy state as seen by an observer at infinity, and therefore the other fragmentation product can escape to infinity with energy larger than the original particle. The corresponding process involving waves amplifies any bosonic wave whose frequency ω satisfies 0 < ω < mΩ H , where m is the azimuthal index of the (spheroidal) harmonics used to separate the angular dependence, and Ω H is the horizon angular velocity [16, 24, 25] . The wave is amplified at the expense of the BH's rotational energy. If the wave is trapped -for example, through a confining mechanism like a mirror placed at some finite distance -the amplification process will repeat, destabilizing the system. This creates a "BH bomb" [26, 27] . Massive fields are naturally trapped by their own mass, leading to a superradiant instability of the Kerr geometry. The time scales and evolution of BH superradiant instabilities were extensively studied by several authors for massive spin-0 [28] [29] [30] [31] , spin-1 [21, [32] [33] [34] [35] and spin-2 fields [36] , using both analytic and numerical methods.
For a bosonic field with mass m s , superradiant instabilities are strongest when the Compton wavelength of the massive boson /(m s c) is comparable to the Schwarzschild radius R = 2GM/c 2 , where M is the BH mass. Under these conditions the bosonic field can bind to the BH, forming a "gravitational atom." Instabilities can produce holes in the BH mass/spin plane (sometimes also called the BH "Regge plane"): for a given boson mass, spinning BHs should not For each mass ms, the instability threshold is obtained by setting the superradiant instability time scales for l = m = 1, 2, 3 equal to a typical accretion time scale, taken to be τ = 50 Myr (see main text for details). Black data points (with error bars) are spin estimates of stellar and massive BHs obtained through the Kα or continuum fitting methods [37, 38] . Red data points are GW measurements of the primary and secondary BHs from the three LIGO detections (GW150914, GW151226 and GW170104 [3, 4] ). Blue, green and brown data points are projected LISA measurements under the assumption that there are no light bosons for three different astrophysical black hole population models (popIII, Q3 and Q3-nod from [39] ), as discussed in the text. We assume a LISA observation time T obs = 1 yr, and to avoid cluttering we only show events for which LISA spin measurement errors are relatively small (∆χ/χ ≤ 2/3). The top horizontal line is a frequency scale corresponding to the BH mass, f ≈ µ/π with µ ∼ 0.2/M as a reference value.
exist when the dimensionless spin χ ≡ a/M is above an instability window centered around values of order unity of the dimensionless quantity [16, 17] 2GM m s c = 1.5 M 10 6 M m s c 2 10 −16 eV .
Typical instability windows for selected values of m s are shown as shaded areas in Fig. 1 , which shows the spin versus mass plane. These instability windows are obtained by requiring that the instability acts on timescales shorter than known astrophysical processes such as accretion, i.e. we require that the superradiant instability time scales for scalar field perturbations with l = m = 1, 2, 3 are shorter than a typical accretion time scale, here conservatively assumed to be the Salpeter time scale defined below for a typical efficiency η = 0.1 and Eddington rate f Edd = 1 [cf. Eq. (51) ].
In Fig. 1 , black data points denote electromagnetic estimates of stellar or massive BH spins obtained using either the Kα iron line or the continuum fitting method [37, 38] . Roughly speaking, massive BH spin measurements probe the existence of instability windows in the mass range m s ∼
10
−19 -10 −17 eV. For stellar-mass BHs, the relevant mass range is m s ∼ 10 −12 -10 −11 eV. Red data points are LIGO 90% confidence levels for the spins of the primary and secondary BHs in the three merger events detected so far (GW150914, GW151226 and GW170104 [3, 4] ). For LIGO BH binaries accretion should not be important. In such case, our choice for the reference timescale t S is conservative: more accurate and stringent constraints can be imposed by comparing the instability timescale with the Hubble time or with the age of the BHs. On the other hand, in Fig. 1 we do not include the remnant BHs detected by LIGO because the observation time scale of the latter is obviously much shorter than the superradiant instability time scale, and therefore post-merger observations can not be used to place constraints on the boson mass.
Blue, green and brown data points are projected LISA measurements for three different astrophysical black-hole population models (popIII, Q3, Q3-nod) from [39] , assuming one year of observation. The main point of Fig. 1 We note that electromagnetic measurements of black-hole spins also provide constraints on the scalar field masses that partly overlap with constraints derived in this paper. For example, the spin measurements of stellar mass BHs disfavor the existence of a scalar field with masses between roughly 2×10 −11 eV > m s > 6×10 −13 eV [19] and 4×10 −17 eV > m s > 5 × 10 −20 eV for massive BHs. However, GW spin measurements and constraints rely on fewer astrophysical assumptions (e.g. on the accretion disk and its spectrum) than electromagnetic constraints, and are therefore more robust. On the other hand, while electromagnetic observations of stellar mass BHs partly overlap with the GW constraints from LIGO, the electromagnetic observation of massive BHs probe lower scalar field masses that the ones coming from GW observations, and are thus complementary to the constraints that we estimate in this paper. Fig. 1 shows that electromagnetic and GW observations should be considered jointly to build evidence for or against the existence of a scalar field with a given mass.
An even more exciting prospect is the direct detection of the GWs produced by a BH-boson condensate system [19] [20] [21] . Through superradiance, energy and angular momentum are extracted from a rotating BH and the number of bosons grows exponentially, producing a bosonic "cloud" at distance ∼ 2 (2GM m 2 s ) −1 from the BH. This non-axisymmetric cloud creates a time-varying quadrupole moment, leading to long-lasting, monochromatic GWs with frequency determined by the boson mass. Thus, the existence of light bosons can be tested (or constrained) directly with GW detectors.
To estimate the detectability of these signals we need careful estimates of the signal strength and astrophysical models for stellar-mass and massive BH populations. Here we compute the GW signal produced by superradiant instabilities using GW emission models in BH perturbation theory [42] , which are expected to provide an excellent approximation for all situations of physical interest [18, 34, 35] . On the astrophysical side, we adopt the same BH formation models [43] that were used in previous LISA studies [39, [44] [45] [46] [47] . As shown below, semicoherent searches with LISA (LIGO) could detect individual signals at luminosity distances as large as 1 We do not study holes in the Regge plane for LIGO because spin magnitude measurements for the binary components are expected to be poor, even with third-generation detectors [40, 41] , and they overlap in mass with existing EM spin estimates.
∼ 2 Gpc (∼ 200 Mpc) for a boson of mass 10 −17 (10 −13 ) eV (compare this with the farthest estimated distance for LIGO BH binary merger detections so far, the 880 +450 −390 Mpc of GW170104 [3] ).
The plan of the paper is as follows. In Sec. II we outline our calculation of gravitational radiation from bosonic condensates around rotating BHs. In Sec. III and Sec. IV we present our astrophysical models of massive and stellarmass BH formation, respectively. Our predictions for rates of boson-condensate GW events detectable by LISA and LIGO, either as resolvable events or as a stochastic background, are given in Sec. V. In Sec. VI we use a Bayesian model selection framework to quantify how LISA spin measurements in BH binary mergers can either exclude certain boson mass ranges by looking at the presence of holes in the Regge plane, or (if bosons exist in the Universe) be used to estimate boson masses. We conclude by summarizing our main results and identifying some promising avenues for future work.
In the following, we use geometrized units G = c = 1.
II. GRAVITATIONAL WAVES FROM BOSONIC CONDENSATES AROUND BLACK HOLES
In general, the development of instabilities must be followed through non-linear evolutions. Numerical studies of the development of superradiant instabilities are still in their infancy (see e.g. [34, 35, [48] [49] [50] [51] ), mainly because of the long instability growth time for scalar perturbations, which makes simulations computationally prohibitive. If we restrict attention to near-vacuum environments, the scalar cloud around the spinning BH can only grow by tapping the BH's rotational energy. Standard arguments [52] imply that the BH can lose at most 29% of its mass. For the process at hand, it turns out that the cloud can store at most ∼ 10% of the BH's mass [34, 53] , therefore the spacetime is described to a good approximation by the Kerr metric, and perturbative calculations are expected to give good estimates of the emitted radiation [18, 42] . These expectations were recently validated by nonlinear numerical evolutions in the spin-1 case [34, 35] , where the instability growth time scale is faster. Reassuringly, these numerical simulations are consistent with qualitative and quantitative predictions from BH perturbation theory [21, 32, 33] . In summary, a body of analytic and numerical work justifies the use of calculations in BH perturbation theory to estimate the gravitational radiation emitted by bosonic condensates around Kerr BHs. We now turn to a detailed description of this calculation.
A. Test scalar field on a Kerr background
Neglecting possible self-interaction terms or couplings to other fields, the action describing a real scalar field minimally coupled to gravity is
Here we defined a parameter
which has dimensions of an inverse mass (in our geometrized units) . The field equations derived from this action are
In the test-field approximation, where the scalar field propagates on a fixed Kerr background with mass M and spin J = aM , the general solution of the Klein-Gordon equation can be written as
where a sum over harmonic indices ( , m) is implicit, and s Y mω (ϑ, ϕ) = s S mω (ϑ)e imϕ are the spin-weighted spheroidal harmonics of spin weight s, which reduce to the scalar spheroidal harmonics for s = 0 [54] . The radial and angular functions satisfy the following coupled system of differential equations:
where for simplicity we omit the ( , m) subscripts, r ± = M ± √ M 2 − a 2 denotes the coordinate location of the inner and outer horizons, ∆ = (r − r + )(r − r − ), D r = ∆∂ r (∆∂ r ), and D ϑ = (sin ϑ) −1 ∂ ϑ (sin ϑ∂ ϑ ). For a = 0, the angular eigenfunctions 0 S m (ϑ) reduce to the usual scalar spherical harmonics with eigenvalues λ = ( + 1).
Imposing appropriate boundary conditions, a solution to the above coupled system can be obtained using, e.g., a continued-fraction method [30, 31] . Because of dissipation, this boundary value problem is non-hermitian. The solutions are generically described by an infinite, discrete set of complex eigenfrequencies [55] 
where n is the overtone number and {ω R , ω I } ∈ R. In particular, this system admits quasi-bound state solutions which become unstable -i.e., from Eq. (5), have ω I > 0 -for modes satisfying the superradiant condition ω R < mΩ H , with Ω H = a/(2M r + ) [28, 31] . For these solutions the eigenfunctions are exponentially suppressed at spatial infinity:
where ν = M (2ω 2 − µ 2 )/ µ 2 − ω 2 . In the small-mass limit M µ 1 these solutions are well approximated by a hydrogenic spectrum [28, 31] with angular separation constant λ ( + 1) and frequency
where n = 0, 1, 2..., and γ 1 = 48 for the dominant unstable = 1 mode.
B. Gravitational-wave emission
For a real scalar, the condensate is a source of GWs. For a monochromatic source with frequency ω R , one can easily see by, plugging the solution (5) into the stress-energy tensor (4) , that the scalar field sources GWs with frequency 2ω R . In the fully relativistic regime, gravitational radiation can be computed using the Teukolsky formalism [56] . This calculation is described in detail here (see also [18, 42] ).
In the Teukolsky formalism, gravitational radiation is encoded in the Newman-Penrose scalar ψ 4 , which can be decomposed as
where ρ = (r−ia cos ϑ) −1 . The radial function R(r) satisfies the inhomogeneous equation
where again we omit angular indices for simplicity, K ≡ (r 2 + a 2 )ω − am, λ ≡ A s m + a 2 ω 2 − 2amω, and A s m are the angular eigenvalues. The source term T mω is given by
where T is related to the scalar field stress-energy tensor (4) and can be found in [56, 57] . To solve the radial equation (10) we use a Green-function approach. The Green function can be found by considering two linearly independent solutions of the homogeneous Teukolsky equation (10), with the following asymptotic behavior (see e.g. [57] ):
where k = ω − mΩ H , {A, B} in,out are constants, and the tortoise coordinate is defined as
Imposing ingoing boundary conditions at the horizon and outgoing boundary conditions at infinity, one finds that the solution of Eq. (10) is given by [57] 
At infinity the solutions reads
Since the frequency spectrum of the source T mω is discrete with frequencyω = ±2ω mn andm = ±2m, where ω mn are the scalar field eigenfrequencies,Z ∞ takes the form
and at r → ∞, ψ 4 is given by
At infinity the Newman-Penrose scalar can be written as
where h + and h × are the two independent GW polarizations. The energy flux carried by these waves at infinity is given by
Using equations (19) and (20) we get
We note that |Z
where M S is the total mass of the scalar cloud:
and √ −g = (r 2 + a 2 cos 2 ϑ) sin ϑ is the Kerr metric determinant. Here we neglected the energy flux at the horizon, which in general is subdominant [58] . In fact, we will only need to compute radiation at the superradiant threshold, where the flux at the horizon -being proportional to k = (ω − mΩ H ) -vanishes exactly [59] . Figure 2 shows the dominant GW energy flux computed numerically within the perturbative framework described above.
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Flux for = m = 1 and taking the first two leading order terms in the flux˜ =m = 2 and˜ = 3,m = 2 as a function of the scalar mass and for the spin computed at the superradiant threshold (25) . The numerical results computed in this work are compared with the analytic formula obtained in [18] , labeled "Brito+", and the one obtained in [17] , labeled "Arvanitaki+".
Our results are compared to the analytic results of Refs. [17, 18] . The flat-space approximation adopted in [17] underestimates the flux by some orders of magnitude, especially when µM 0.3, for any spin. Likewise, the Schwarzschild approximation adopted in [18] overestimates the GW flux. To improve on both approximations, in the rest of this work we will use the numerical results, which are valid in the entire (χ, µM ) plane and agree with those of [42] .
C. Evolution of the superradiant instability and of the BH-condensate system Current nonlinear evolutions are unable to probe the development of the instability in the scalar case [48] . However, since the time scales of both the superradiant instability and the GW emission are much longer than the dynamical time scale of the BH, the evolution of the BH-condensate system can be studied within a quasi-adiabatic approximation [18] . The scalar field can be considered almost stationary, and its backreaction on the geometry neglected, as long as the scalar stress-energy tensor is small compared to the BH energy density [18] .
Recent nonlinear evolutions by East and Pretorius in the spin-1 case [34, 35] , where the instability develops more rapidly, lend support to an adiabatic treatment of the evolution of the field. The evolution happens in two steps characterized by very different time scales. First a scalar condensate grows around the BH until the superradiant condition is saturated; then the condensate is dissipated through GW emission. Neglecting accretion for simplicity, the evolution of the system
is the gravitational radiation time scale.
Finally, we note that the self-gravity of the boson cloud will cause the GW frequency to change slightly as the cloud dissipates via GWs [19, 21] . The estimates of Refs. [19] [see their Eq. (28)] and [21] [see their Appendix E] suggest that, for scalar fields, this small change should not affect current continuous-wave searches. Taking these estimates and the duration of the signal of Figs. 3 and 4 for resolved events, one can see that for both LIGO and LISA a vast majority of the sources will have a small positive frequency drifṫ f 10 −9 Hz/s, which is the current upper limit on the frequency time derivative of the latest all-sky search from LIGO [65] . However, even though this frequency drift should be very small and undetectable for most sources, the positive frequency time derivative of GWs from boson clouds could be used to distinguish them from other continuous sources, such as rotating neutron stars, which have a negative frequency drift [66] .
D. Instability and gravitational radiation time scales
As discussed above, the basic features of the evolution of the BH superradiant instability in the presence of light bosons can be understood as a two-step process, governed by two different time scales. The first time scale is the typical e-folding time of the superradiant instability given by τ inst ≡ 1/ω I , where in the M µ 1 limit, ω I is the imaginary part of Eq. (8) . The boson condensate grows over the time scale τ inst until the superradiant condition is saturated. Subsequently, the condensate is dissipated through GW emission over a time scale τ GW given by Eq. (30) . In the M µ 1 limit, dẼ/dt = (484 + 9π
2 )/23040(µM ) 14 0.025(µM ) 14 [18, 42] . Thus, using Eqs. (8), (27) , (30) and reinstating physical units, the two most relevant time scales of the system are of the order where M 6 = M/(10 6 M ) and µ 17 = m s /(10 −17 eV) and χ 1.
These relations are still a reasonably good approximation when M µ ∼ 1 and χ ∼ 1. They show that there is a clear hierarchy of time scales (τ GW τ inst M ), and this is important for two reasons. First of all it is crucial that τ GW τ inst , otherwise the boson condensate would not have time to grow. Second, the time scale hierarchy justifies the use of an adiabatic approximation to describe the evolution.
Beyond the instability and gravitational radiation time scales, from the point of view of detection it is important to estimate the distribution of signal durations ∆t. For LIGO we can safely neglect accretion, because accreted matter is not expected to significantly alter the birth spin of stellar-mass BHs [67] . We can also neglect the effect of mergers, since mergers affect a very small fraction of the overall population of isolated BHs [68] [69] [70] [71] [72] , and LIGO data already suggest that multiple mergers should be unlikely [73, 74] . Therefore, for LIGO we will simply assume ∆t = min (τ GW , t 0 ), where t 0 ≈ 13.8 Gyr is the age of the Universe.
For massive BHs that radiate in the LISA band, both mergers and accretion are expected to be important [75, 76] . Therefore we conservatively assume that whenever an accretion event or a merger happens the boson-condensate signal is cut short, and for LISA we define
where the signal duration τ GW in the absence of mergers and accretion is given by Eq. (30), ... denotes an average weighted by the probability distribution function of the Eddington ratios, t S is the "Salpeter" accretion time scale [Eq. (51)], and N m is the average number of mergers expected in the interval [t − τ GW /2, t + τ GW /2], t being the cosmic time corresponding to the cosmological redshift z of the GW source. Note that this definition also enforces the obvious fact that the signal cannot last longer than the age of the Universe (∆t ≤ t 0 ). We also note that the estimates of Refs. [19, 21] suggest that the close passage of a stellarmass compact object around the massive BH could affect the boson cloud when M µ 0.1. This part of the parameter space is mostly irrelevant for our results, and so we neglect this contribution. Moreover, estimates of the rates of extreme mass-ratio inspirals predict at most a few hundred such close passages per Gyr per galaxy [46] . Therefore, the average timescale between these events is 10 7 yr. This is comparable with the accretion timescale [Eq. (51)], which we have already taken into account. Thus, we expect our results to be robust against inclusion of this effect. In addition, stars and compact objects could, in principle, affect the boson cloud also at larger orbital distances, comparable to the peak of the cloud R ∼ 4M/(M µ) 2 [18] . This could also become relevant for M µ 0.1, but even in this case passages of stars at R ∼ 1000M or larger are expected to be quite rare. Indeed, tidal disruption of stars are about 10 −5 per yr per galaxy [77] , hence stars at distances R ∼ 1000M from the BH should only appear roughly every 10 5 yr. We have checked that even if we include this effect by adding an extra timescale ∼ 10 5 yr to Eq. (33), the background and the resolved event rates would only decrease by about an order of magnitude (and only for M µ 0.1), thus leaving our conclusions unchanged.
Figures 3 and 4 show histograms of τ inst , τ GW and ∆t for resolvable sources with SNR ρ ≥ 8 [cf. Eq. (34)]. When computing the SNR, we use an observation time T obs = 2 yr for LIGO and T obs = 4 yr for LISA. We adopt the LISA noise power spectral density specified in the ESA proposal for L3 mission concepts [11] and the design sensitivity of Advanced LIGO [78] . The events are binned by gravitational radiation time scale τ GW , instability time scale τ inst , and signal duration ∆t, as defined in Eq. (33) . For concreteness, in the plot we focus on the most optimistic astrophysical model, and we neglect the confusion noise due to the stochastic background produced by these sources [cf. [79] ]. For LIGO we show both Galactic and extragalactic sources.
The signal duration ∆t is typically equal to the gravitational radiation time scale τ GW , and (as anticipated) much longer than the instability time scale τ inst . Since for LIGO we neglect the effects of mergers and accretion, the only visible difference between ∆t and τ GW is due to the fact that we cut off the signal when its typical time scale is longer than the age of the Universe (i.e., as mentioned above, we set ∆t = t 0 if τ GW > t 0 ). For LISA there are more subtle effects related to accretion and mergers [cf. Eq. (33)], but Figs. 3 and 4 demonstrate that the signal duration ∆t is always much longer than the instability time scale τ inst , as suggested by the rough estimates of Eqs. (31) and (32) .
E. Gravitational waveform
Since the GW signal from boson condensates is quasimonochromatic, we can can compute the (average) signal-tonoise ratio (SNR) as [80, 81] 
where h is the root-mean-square (rms) strain amplitude; S h (f ) is the noise power spectral density at the (detectorframe) frequency f of the signal, which is related to the source-frame frequency f s ≡ ω/(2π) by f = f s /(1 + z) (z being the redshift); T overlap is the overlap time between the observation period T obs and the signal duration ∆t(1 + z) [in the detector frame, hence the factor 1 + z multiplying the signal duration ∆t in the source frame]; and . . . denotes an average over the possible overlap times. In practice, when our astrophysical models predict that a signal should overlap with the observation window, we compute this average by randomizing the signal's starting time with uniform probability distribution in the interval [−∆t(1 + z), T obs ] (where we assume, without loss of generality, that t = 0 is the starting time of the observation period). Coherent searches for almost-monochromatic sources are computationally expensive, and normally only feasible when the intrinsic parameters of the source and its sky location are known. For all-sky searches, where the properties and location of the sources are typically unknown, it is more common to use semicoherent methods, where the signal is divided in N coherent segments with time length T coh . The typical sensitivity threshold, for signals of duration ∆t(1 + z)
T obs , is [cf. e.g. [66] ]
where h thr is the minimum rms strain amplitude detectable over the observation time N × T coh . This criterion was used, for example, in [19] . In the following we consider both cases (a full coherent search and a semicoherent method) in order to bracket uncertainties due to specific data analysis choices. For the semicoherent searches we only consider events for which ∆t(1 + z) T obs [since the threshold gived by eq. A useful quantity to compare the sensitivity of different searches independently of the data-analysis technique and the quality and amount of data is the so-called "sensitivity depth," defined by [82] 
For example, the average sensitivity depth of the last EIN-STEIN@HOME search was D ≈ 35Hz −1/2 [83] . To compute h, we first use Eqs. (9), (19) and (20) to get a combination of the two GW polarizations,
In the following we will omit the sum over mn for ease of notation. Let us focus on a single scalar field mode 4 . If the scalar field has azimuthal number m and real frequency ω R , the GW emitted by the scalar cloud will have azimuthal numberm = ±2m and frequencyω = ±2ω R . Defining Z ∞ = |Z|e −iφ , where |Z| and φ are both real, we have
where we used the fact that Z
imϕ and S is a real function for realω, we get
The GW strain measured at the detector is
where F +,× are pattern functions that depend on the orientation of the detector and the direction of the source. To get the rms strain of the signal we angle-average over source and detector directions and use
whereĖ is given in Eq. (22) , which for a single scalar mode readsĖ = |Z | 2 /(2πω 2 ). Finally, let us factor out the BH mass and the mass of the scalar condensate:
where A(χ, µM ) is a dimensionless quantity. The final expression for the rms strain reads
We conservatively assume that the GWs observed at the detector are entirely produced after the saturation phase of the instability. Therefore, we compute h using the final BH mass and spin, as computed in Eqs. (26) and (25), respectively. Larger initial spins imply that a larger fraction of the BH mass is transferred to the scalar condensate [cf. Eq. (27)]. So, for a given scalar field mass and initial BH mass, the strain grows with the initial spin. Equation (43) is valid for any interferometric detector for which the arms form a 90-degree angle, such as Advanced LIGO. For a triangular LISA-like detector the arms form a 60-degree angle, and we must multiply all amplitudes by a geometrical correction factor √ 3/2 [5, 84] . Additionally, since we sky-average the signal, we will use an effective non-skyaveraged noise power spectral density, obtained by multiplying LISA's sky-averaged S h by 3/20 [85] . The analysis presented below takes into account these corrective factors.
Angle-averaged range Drange for LISA (top) and Advanced LIGO at design sensitivity (bottom) computed for selected initial BH spin (χi = 0.998, 0.95, 0.7). Left panels: the range is computed using a coherent search over an observation time T obs = 4 yr (for LISA) and T obs = 2 yr (for LIGO). Right panels: we assume a semicoherent search with N = 121 coherent segments of duration T coh = 250 hr.
F. Cosmological effects
Since some sources can be located at non-negligible redshifts, the root-mean-square strain amplitude of Eqs. (42) and (43) must be corrected to take into account cosmological effects, which affect the propagation of the waves to the detector [86] . These effects have two main consequences.
First, the frequency f of the signal as measured at the detector's location ("detector frame") is redshifted with respect to the emission frequency f s in the "source-frame", i.e. f = f s /(1 + z).
Second, in the strain amplitude given by Eq. (43), the distance r to the detector should be interpreted as the comoving distance, which for a flat Friedmann-Lemaitre-RobertsonWalker model is given by
where ∆(z) = Ω M (1 + z) 3 + Ω Λ , D H is the Hubble distance, Ω M is the dimensionless matter density and Ω Λ is the dimensionless cosmological constant density. All other quantities (masses, lengths and frequencies) in Eq. (43) should be instead be interpreted as measured by an observer in the source frame.
Alternatively, one might wish to use quantities measured by an observer at the detector's location to compute the strain amplitude of Eq. (43). Detector-frame quantities are related to source-frame ones by powers of (1 + z), namely all quantities with dimensions [mass] p (in our geometrized units G = c = 1) are multiplied by the factor (1 + z) p , e.g. masses are multiplied by (1 + z) ("redshifted masses"), frequencies are divided by the same factor ("redshifted frequencies"), while the comoving distance is multiplied by a factor (1 + z), thus becoming the luminosity distance D L = D c (1 + z). Since the strain amplitude of Eq. (43) is dimensionless, that equation yields the same result when using detector-frame quantities as when using source-frame ones.
The typical distance up to which BH-condensate sources are detectable can be estimated by defining an "angleaveraged range" D range as the luminosity distance at which either the SNR ρ(D range ) = 8 [cf. Eq. (34)] for coherent searches, or h(D range ) = h thr for semicoherent searches [cf.
Eq. (35)].
In Fig. 5 we show D range for both LISA and LIGO at design sensitivity under different assumptions on the initial BH spin. The left panels refer to single coherent observation with T obs = 4 yr for LISA (T obs = 2 yr for Advanced LIGO), whereas the right panels refer to a (presumably more realistic) semicoherent search with N = 121 coherent segments of duration T coh = 250 hr. In the more optimistic case, sources
III. MASSIVE BLACK HOLE POPULATION MODELS
An assessment of the detectability of GWs from superradiant instabilities requires astrophysical models for the massive BH population. In this section we describe the models adopted in our study, and in particular our assumptions on (A) the mass and spin distribution of isolated massive BHs, (B) their Eddington ratio distribution, and (C) their merger history.
A. Mass and spin distribution of isolated black holes
Let n be the comoving-volume number density of BHs. For the mass and spin distribution of isolated BHs we consider:
is computed using the semianalytic galaxy formation model of [43] (with later improvements described in [76, 87, 88] ). This distribution is redshift-dependent and skewed toward large spins, at least at low masses (cf. [76] ). It also has a negative slope dn/d log 10 M ∝ M −0.3 for BH masses M < 10 7 M , which is compatible with observations (cf. [76] , Figure 7 ). The normalization is calibrated so as to reproduce the observed M -σ and M -M scaling relations of [89] , where σ is the galaxy velocity dispersion and M is the stellar mass. We also account for the bias due to the resolvability of the BH sphere of influence [90, 91] . Because of the slope, normalization and spin distribution, this model is optimistic.
(A.2) An analytic mass function [46, 47] 
which we use for redshifts and BH masses in the range 10 4 M < M < 10 7 M and z < 3. For M > 10 7 M we use a mass distribution with normalization 10 times lower than the optimistic one. For this model we use a uniform distribution of the initial spins χ ∈ [0, 1]. Because of the lower normalization and the spin distribution, this model is less optimistic.
which we use again for 10 4 M < M < 10 7 M and z < 3, whereas for M > 10 7 M we use a mass distribution with normalization 100 times lower than the optimistic one. For this model we also consider a uniform distribution of the initial spins χ ∈ [0, 1]. Because of the normalization, slope and spin distribution, this model is pessimistic.
B. Black hole mergers
Our standard choice for BH mergers is to compute the comoving-volume number density n m of mergers per (logarithmic) unit of total mass M tot = M 1 + M 2 , unit redshift and (logarithmic) unit of mass ratio
from the semianalytic model of [43] . We can then estimate the average number of mergers (between z and z + dz) for a BH of mass M as
Here
is the (isolated BH) mass function, and
where q c is the critical mass ratio above which we assume mergers make an impact. In practice, most BH mergers in our semianalytic models have q 0.01-0.001 (especially in the LISA band, cf. [92] ), so our results are robust against the exact choice of q c . Nevertheless, to be on the conservative side, we set q c = 0. A larger q c would produce a slightly lower BH merger number and, in turn, a slightly higher number of boson-condensate sources, under the conservative assumption that mergers destroy the boson cloud. We can then compute the average number of mergers experienced by a BH of mass M in the redshift interval [z 1 , z 2 ] as
Note that the number of mergers depends on the seeding mechanisms of the massive BH population, as well as on the "delays" between the mergers of galaxies and the mergers of the BHs they host [cf. e.g. [39] ].
When computing the average number of mergers N m to be used to estimate the number of boson-condensate GW events from isolated BHs, i.e. when evaluating the number of resolved events [Eq. (62) below] and the amplitude of the stochastic background [Eq. (64) below], we consider the "popIII" model of [39] (a light-seed scenario with delays). Choosing a different seed model would not alter our conclusions. However, when considering the constraints that can be placed on the boson mass by direct observations of BH coalescences by LISA, we consider all three models presented in [39] ("popIII", "Q3" and "Q3nod"). These models correspond respectively to light seeds with delays between a galaxy merger and the corresponding binary BH merger; heavy seeds with delays; and heavy seeds with no delays; and they are chosen to bracket the theoretical uncertainties on the astrophysics of BH seed formation and BH delays.
C. Accretion
Clearly, accretion is competitive with the superradiant extraction of angular momentum from the BH [18] , so it is important to quantify its effect. We estimate the accretion time scale via the Salpeter time,
where f Edd is the Eddington ratio for mass accretion, and the thin-disk radiative efficiency η is a function of the spin related to the specific energy E ISCO at the innermost stable circular orbit [93] :
For the Eddington ratio f Edd we consider three models:
We use the results of our semianalytic model to construct probability distribution functions for f Edd at different redshifts and BH masses.
(C.2)
We adopt a simple model in which f Edd = 1 for 10% of the massive BHs, and f Edd = 0 for the remaining ones. (The choice of 10% is a reasonable estimate for the duty cycle of active galactic nuclei [94, 95] ).
(C.3) Finally, we consider a very pessimistic model in which all BHs have f Edd = 1. Although unrealistic, this models maximizes the effects of accretion, and therefore it yields the most conservative lower bound for the superradiant instability time scale.
IV. STELLAR MASS BLACK HOLE POPULATION MODELS
We now turn to a description of stellar-mass BHs, which are of interest for LIGO. Here we have to model (A) extragalactic BHs, which turn out to dominate the stochastic background of GWs from ultralight bosons, and (B) Galactic BHs, which (as pointed out in [19, 20] ) are dominant in terms of resolvable signals.
A. Extragalactic BHs
In the standard scenario, stellar-mass BHs are the end products of the evolution of massive (M 20M ) stars. They form either via direct collapse of the star or via a supernova explosion followed by fallback of matter (failed supernova). This process depends on various parameters, such as stellar metallicity, rotation and interactions with a companion if the star belongs to a binary system [96] [97] [98] [99] . In particular, the metallicity of the star determines the strength of stellar winds and can thus have a significant impact on the mass of the stellar core prior to collapse [100, 101] . In addition, BHs can grow hierarchically through multiple mergers that occur in dense stellar clusters [73, 74, 102, 103] . This process is expected to leave an imprint on the distribution in the mass-spin plane: while BHs grow in mass via mergers their spins converge to values around ∼ 0.7 with little or no support below ∼ 0.5 [73] [74] [75] .
In this work we consider only BH formation from core collapse of massive stars. We use the analytic fits for the BH mass as a function of initial stellar mass and metallicity from [104] , embedded in the semianalytic galaxy evolution model from [105] . In particular, the latter model describes the production of metals by stars [106] and the evolution of the metallicity of the interstellar medium, which is inherited by the stars that form there. The extragalactic BH formation rate as a function of mass and redshift reads
where τ (M ) is the lifetime of a star with mass M , φ(M ) is the stellar initial mass function, ψ(t) denotes the cosmic star formation rate (SFR) density and δ is the Dirac delta. We use the fit to the cosmic SFR described in [107] , calibrated to observations [108, 109] . We adopt a Salpeter initial mass function φ(M ) ∝ M −2.35 [110] in the mass range M ∈ [0.1 − 100] M and use the stellar lifetimes from [111] . The initial stellar mass M and BH mass M are related by the function M = g(M ), which can be (implicitly) redshiftdependent (through its dependence on stellar metallicity), and which we take from the "delayed" model of [104] .
B. Galactic BHs
Resolvable signals are expected to be dominated by Galactic stellar-mass BHs [19] . We estimate the present-day mass function of these BHs as
where N MW denotes the number of BHs in the Galaxy, dp/dM is the normalized Salpeter initial mass function (i.e. the probability of forming a star with mass between M and M + dM ), and SFR(z) denotes the SFR of Milky-Way type galaxies as a function of z [109, 112] . The integration is over all cosmic times till the present epoch. The (differential) relation between BH mass and initial stellar mass dM/dM is taken from the "delayed" model of [104] , and is also a function of redshift via the metallicity. For the latter, we use the results of [113] to describe its evolution with cosmic time. We then "spread" dN MW /dM throughout the Galaxy in order to obtain a (differential) density dn MW /dM , by assuming that the latter is everywhere proportional to the (present) stellar density. To this purpose, we describe the Galaxy by a bulge+disk model, where the bulge follows a Hernquist profile [114] with mass ∼ 2 × 10 10 M and scale radius ∼ 1 kpc [115] , and the disk is described by an exponential profile with mass ∼ 6 × 10 10 M and scale radius ∼ 2 kpc [116] .
Since these models (for both Galactic and extragalactic BHs) do not predict the initial BH spins, we assume a uniform distribution and explore different ranges (from optimistic to pessimistic): χ ∈ [0. 
V. EVENT RATES FOR LISA AND LIGO
Having in hand the calculation of the GW signal of Sec. II and the astrophysical models of Secs. III and IV, we can now compute event rates for LISA and LIGO. We consider two separate classes of sources: (A) boson-condensate GW events which are loud enough to be individually resolvable, and (B) the stochastic background of unresolvable sources.
A. Resolvable sources
In the limit in which the (detector-frame) signal duration ∆t(1 + z) is small compared to the observation time T obs , ∆t(1 + z)
T obs , the number of resolvable events is proportional to the observation time [117] :
where
is the derivative of the lookback time with respect to redshift. For long-lived sources with detector-frame duration ∆t(1+ z)
T obs , the number of detections does not scale with the observation time, but rather with the "duty cyle" ∆t/t f , where t f ≡ n/ṅ is the formation time scale of the boson condensate. For example, if BHs form a boson condensate only once in their cosmic history, t f is the age of the Universe t 0 ≈ 13.8 Gyr. This duty cycle has the same meaning as the duty cycle of active galactic nuclei: it accounts for the fact that, at any given time, only a fraction of the BH population will be emitting GWs via boson condensates. Because of the ergodic theorem, this fraction is given by the average time fraction during which a BH emits GWs via boson condensates. This average time fraction is indeed the duty cycle ∆t/t f . Therefore, the number of resolved sources when ∆t(1 + z) T obs is simply
where dV c = 4πD 2 c dD c . Equations (59) and (61) can be merged into a single expression that remains valid also in the intermediate regime ∆t(1 + z) ∼ T obs . Indeed, the probability that a signal lasting a time span ∆t(1 + z) (in the detector frame) overlaps with an observation of duration T obs is simply proportional to the sum of the two durations, ∆t(1+z)+T obs . This can be understood in simple geometric terms: for the signal to overlap with the observation window (which we define, without loss of generality, to extend from t = 0 to t = T obs ), the signal's starting time should fall between t = −∆t(1 + z) and t = T obs , i.e. in a time interval of length ∆t(1 + z) + T obs . Therefore, we can estimate the number of observable GW events as
Since dD c /dz = (1 + z)dt/dz, it can be easily checked this equation reduces to Eqs. (59) and (61) in the limits ∆t(1 + z) T obs and ∆t(1 + z) T obs , respectively. For extragalactic LIGO sources we compute d 2ṅ /dM dχ from the astrophysical models of Sec. IV A, while for LISA and galactic LIGO sources we compute d 2 n/dM dχ as described in Secs. III and IV B and then assume d 2ṅ /dM dχ = (d 2 n/dM dχ)/t 0 . This corresponds to assuming that the boson-condensate formation time t f = t 0 equals the age of the Universe, or that BHs radiate via boson condensates only once in their lifetime. This conservative assumption does not affect our results very significantly. Once a BH-boson system radiates, its spin decreases to low values, while the mass remains almost unchanged. For the BH to emit again via boson condensates, its spin must grow again under the effect of accretion or mergers. In this process, however, the BH mass also grows rapidly: for example, the simple classic estimates by Bardeen [118] imply that when a BH spins up from χ = 0 to χ = 1 via accretion, its mass increases by a factor √ 6. So even if new boson clouds form due to the instability of higher-m modes, the instability time scales will be much larger [cf. Eq. (8)] and the GW flux will be highly suppressed [cf. Ref. [42] ].
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Number of resolved LIGO and LISA events for our optimistic BH population models as a function of the boson mass with different observation times T obs , using both full and semicoherent searches. Thick (thin) lines were computed with (without) the confusion noise from the stochastic background.
Our main results for resolvable rates are summarized in Fig. 6, Fig. 7 , Table I and Table II .
In Fig. 6 we focus on optimistic models and we show how the number of individually resolvable events depends on the observation time and on the chosen data-analysis method. More specifically, for LISA we use the BH mass-spin distribution model (A.1) and accretion model (C.1), while for LIGO we adopt the optimistic spin distribution χ i ∈ [0.8, 1]. We bracket uncertainties around the nominal LISA mission duration of T obs = 4 yr [11] by considering single observations with duration T obs = (2, 4, 10) yr. We also show rates for a (presumably more realistic) semicoherent search with 121 segments of T coh = 250 hours coherent integration time 5 . For Advanced LIGO at design sensitivity, we similarly consider single observations lasting either T obs = 2 yr or T obs = 4 yr, as well as a semicoherent search with 121 segments of T coh = 250 hours coherent integration time. Figure 6 (together with Figure 3 in [79] ) shows that the number of resolvable events is strongly dependent on the boson mass and on the astrophysical model.
For LISA, our astrophysical populations contain mostly BHs in the mass range 10 4 M < M < 10 8 M , and the sensitivity curve peaks around a frequency corresponding to m s ∼ 10 −17 eV [cf. Fig. 1 of [79] ]. These considerationstogether with the condition for having an efficient superradiant instability (namely, M µ ∼ 0.4 at large spin) -translate into the range 3 × 10 −18 eV m s 5 × 10 −17 eV for the mass of detectable bosonic particles in a semicoherent search.
For LIGO, our models predict that most BHs will be in the mass range 3M < M < 50M , and the most sensitive frequency band corresponds to m s ∼ 3 × 10 −13 eV [cf. of [79] ], translating into the range 2 × 10 −13 eV m s 3 × 10 −12 eV for the mass of detectable bosonic particles. In order to quantify the "self-confusion" noise due to the stochastic background produced by BH-boson systems, in Fig. 6 we also display the number of resolved events that we would obtain if we omitted the confusion noise from the stochastic background (cf. Fig. 1 of [79] and Sec. V B). Neglecting the confusion noise would overestimate the number of resolvable events in LISA by one or two orders of magnitude.
The rates computed in Figure 6 refer to our optimistic astrophysical models. As shown in [79] , resolvable event rates in the most pessimistic models are about one order of magnitude lower. Nevertheless, it is remarkable that even in the most pessimistic scenario for direct detection (i.e., unfavorable BH mass-spin distributions and semicoherent search method for the signal), bosonic particles with m s ∼ 10 −17 eV (m s ∼ 10 −12 eV) would still produce around 5 (15) direct LISA (LIGO) detections of boson-condensate GW events.
In Figure 7 we show how the number of events grows with the sensitivity depth of the search [82] , as defined in Eq. (36) . For LISA the number of events grows roughly with D 3 , cor-
obs . This is expected from the fact that the number of events for sources at 30 Mpc should grow with the sensitive volume, and thus decrease with ρ −3 crit , where ρ crit is the critical SNR for detection [119] .
On the other hand, LIGO will be mostly sensitive to signals within the Galaxy. For a given boson mass and distance,
Eqs. (30) and (42)]. Since the Galactic stellar BH population obtained from Eq. (58) 
where in the last step we took the leading order of the integral for small h thr . From Eq. (34) one has h thr ∝ T −1/2 obs and therefore N ∝ T
15/16
obs . This is in agreement with the scaling that we find.
Assuming the sensitivity depth of the last EIN-STEIN@HOME search D ≈ 35Hz −1/2 [83] and an optimal boson mass around m s ∼ 10 −12.5 eV, we find that O1 should have detected 5 resolvable events for the optimistic spin distribution χ ∈ [0.8, 1], and 2 events for a uniform spin distribution χ ∈ [0, 1]. As pointed out in [79] , these optimal boson masses may already be ruled out by upper limits from existing stochastic background searches [79] . On the other hand, the pessimistic spin distribution χ ∈ [0, 0.5] is still consistent with (the lack of) observations of resolvable BH-boson GW events in O1, though marginally ruled out by the O1 stochastic background upper limits [79] .
Our results for resolvable event rates using different search techniques, mass/spin and accretion models are summarized in Tables I and II . For LISA we included "self-confusion" noise in our rate estimates, and using different accretion models does not significantly affect our results. Interestingly, even though the accretion models (C.2) and (C. simistic than model (C.1), they predict a slightly larger number of resolvable events for boson masses in the optimal range around 10 −17 eV. This is because the self-confusion noise is lower for models (C.2) and (C.3) [cf. Section V B], and thus the loss in signal is more than compensated by the lower total (instrumental and self-confusion) noise floor.
B. Stochastic background
In addition to individually resolvable sources, a population of massive BH-boson condensates at cosmological distances can build up a detectable stochastic background. This possibility is potentially very interesting, given the spread in BH masses (and, hence, in boson masses that would yield an instability) characterizing the BH population at different redshifts, but to the best of our knowledge it has not been explored in the existing literature.
The stochastic background can be computed from the formation rate density per comoving volumeṅ as [120] 
where ρ c = 3H 2 0 /(8πG) is the critical density of the Universe, dE s /df s is the energy spectrum in the source frame, and f is the detector-frame frequency. Note that the integral is only over unresolved sources with ρ < 8.
For extragalactic stellar mass BHs (which are sources for LIGO), we calculate d 2ṅ /dM dχ based on the model of Sec. IV, while for LISA sources we use the model of Sec. III to obtain d 2 n/dM dχ, and then (as we did for the resolved sources) we assume d 2ṅ /dM dχ = (1/t 0 )(d 2 n/dM dχ). As before, this corresponds to the conservative assumption that formation of boson condensates occurs only once in the cosmic history of each massive BH.
We compute the energy spectrum as
where we recall that f s is the frequency of the signal in the source frame, E GW is the total energy radiated by the boson cloud in GWs during the signal duration ∆t, and the Dirac delta is "spread out" over a frequency window of size ∼ max[1/(∆t(1 + z)), 1/T obs ] to account for the finite signal duration and the finite frequency resolution of the detector. As in the calculation of the rates of resolved sources, ∆t = min (τ GW , t 0 ) [cf. Eq. (30)] for LIGO sources, while we account for mergers and accretion through Eq. (33) for LISA sources. Moreover, since our calculations rely on the implicit assumption that the instability reaches saturation before GWs are emitted, our estimates of the stochastic background only include BHs for which the expected number of coalescences during the instability time scale is N m < 1, and for which τ inst < ∆t (which ensures that the instability time scale is shorter than the merger and accretion time scales). The total energy emitted by the boson cloud during the signal duration ∆t can be estimated by integrating the GW energy flux given by Eq. (28). Using Eq. (29) we have
and by integrating over a time ∆t we get
As shown in [79] , the order of magnitude of the stochastic background can be estimated by computing the mass fraction of an isolated BH that is emitted by the boson cloud through GWs. This can be defined as
where we recall that M i is the initial mass of the BH. In Fig. 8 we show the average f ax , weighted by the BH population, for our most optimistic models. In the LIGO and LISA band f ax can be order O(1%), leading to a very large stochastic background [79] . Note that Eq. (64) cannot be applied to Galactic BHs which emit in the LIGO band, because it implicitly assumes that the number density of sources, d 2ṅ /dM dχ, is homogeneous and isotropic. That assumption is clearly invalid for Galactic BHs [cf. Eq. (58)]. However, in this case we can simply sum the GW densities produced by the Galactic BH population at the position of the detector. These densities are simply given by
Eq. (42)], r being the distance from the source to the detector. (Note that we neglect redshift and cosmological effects, since those are negligible inside the Galaxy.) Therefore, the GW energy density per (logarithmic) unit of frequency coming from each BH in the Galaxy is simply dρ gw /d ln f ≈ (5/4)πf 2 s h 2 δ(ln f − ln f s ), where the Dirac delta is "spread out" over a frequency window of size ∼ max[1/∆t, 1/T obs ] to account for the finite duration of the signal and the finite frequency resolution of the detector. Therefore, the contribution to the stochastic background from the population of Galactic BHs can be written as
Here dV denotes a volume integration over the Galaxy, and ∆t/t 0 is again a duty cycle (i.e., we assume that Galactic BHs emit via boson condensates only once in their cosmic history).
To compute the SNR for the stochastic background we use
For LISA we have [121] Ω sens = S h (f ) 2π
while for LIGO [122 ]
where LIGO's noise power spectral density S h (f ) is assumed to be the same for both Livingston and Hanford, and Γ IJ is the overlap reduction function as defined in [123] . Notice the 1/ √ 2 factor in Ω sens for LIGO compared to LISA, due to the use of data from two detectors instead of one.
As shown in Fig. 2 of [79] , the SNR for this stochastic signal can be very high. Since the galactic background only contributes to the full spectrum in a very narrow frequency window around f s , the contribution of the extragalactic background to the SNR largely dominates. When computing the background for LISA we assumed the semianalytic accretion model (C.1). Considering the most pessimistic accretion model (C.3) lowers the maximum SNR by at most a factor two.
VI. EXCLUDING OR MEASURING BOSON MASSES THROUGH LISA BLACK HOLE SPIN MEASUREMENTS
So far we have focused on the direct detection of GWs from bosonic condensates. However it is also possible to infer the existence of light bosons in an indirect way. As shown in Fig. 1 , the existence of a light boson would lead to the absence of BHs with spin above the corresponding superradiant instability window (i.e., there would be holes in the BH mass-spin "Regge plane" [17] ). In this section we show that LISA measurements of the spins of merging massive BHs can be used to either rule out bosonic fields in the mass range In principle we could carry out a similar analysis using astrophysical models for stellar-mass BH binary mergers detectable by Advanced LIGO or third-generation Earth-based detectors. However, spin magnitude measurements for the components of a merging BH binaries are expected to be poor (∆χ ∼ 0.3 at best) even with third-generation detectors [40, 41] . In addition, the mass range of BHs detectable by LIGO or future Earth-based interferometers overlaps in mass with existing spin estimates from low-mass X-ray binaries (see [38, [124] [125] [126] ] for reviews of current BH spin estimates). In summary, we focus on LISA for two main reasons: (i) LISA allows for percent-level determinations of massive BH spins (see e.g. Fig. 9 of [39] ).
(ii) In comparison with current electromagnetic estimates of massive BH spins, which can be used to exclude boson masses in the range [10 −20 , 10 −17 ] eV (see e.g. [21, 32] ), LISA BH spin measurements can probe lower BH masses; therefore, depending on the details of massive BH formation models, they can exclude (or measure) boson masses all the way up to m s ∼ 7 × 10 −13 eV.
One of our main tasks in this context is to determine whether LISA observations can distinguish between two models: one where a massive boson exists (depleting the corresponding instability region in the BH Regge plane) and a "standard" model where no depletion occurs. This is a standard Bayesian model selection problem (see e.g. [127] [128] [129] for previous applications of model selection to LISA observations of massive BH binaries). We simulate massive BH binary catalogs corresponding to the three astrophysical models described in Sec. III B (popIII, Q3, Q3-nod) and seven values of m s in total, one for each decade in the boson mass range m s ∈ [10 −19 , 10 −13 ] eV.
To simulate the loss of mass and angular momentum for each BH in the catalogs we compute the final angular momentum J f and mass M f according to Eqs. (25) and (26), with azimuthal number 1 ≤ m ≤ 4 and frequency given by (8) with l = m and n = 0. Approximating ω R ≈ µ in Eq. (8) (which is strictly valid if M µ 1, but which is a good approximation even for M µ of order unity) we get
We migrate BHs in the Regge plane if the age of the Universe t(z) at the merger redshift is larger than the instability time scale (t(z) > τ inst = 1/ω I ) and if the spin is higher than a threshold χ max (M, m s ) set by Eq. (25) . This migration causes BHs in the catalog to accumulate along the critical line χ max (M, m s ) in the Regge plane. An example of this accumulation can be seen in Fig. 9 .
To compare two models M 1 and M 2 given a set of observations (i.e., a data set D), we can use Bayes' theorem. The probability of model M i given the observations is
where P (M i ) is the prior on model M i , P (D|M i ) is the likelihood of the data given the model, and P (D) is an overall probability of observing the data D. Given a likelihood function for each model, we can then compute the odds ratio between the two models:
A value of the odds ratio larger than one favors model M 1 , while a value of the odds ratio lower than one favors model M 2 . When P (M 1 ) = P (M 2 ) the last factor on the righthand side simplifies, and the odds ratio is just the ratio of the likelihood of the data in both models (also known as the "Bayes factor").
We construct a likelihood function for BHs in the Regge plane for two models: one with no ultralight boson, and one with an ultralight boson of mass m s . To avoid a possible bias toward high spins in the astrophysical models (see e.g. [76] ) we choose the simplest likelihood function in the absence of bosons: L 0 (M, χ) = 1. In the presence of bosons, we set the likelihood L ms (M, χ) to unity if χ ≤ χ max (M, m s ), and we set it to zero otherwise. We add to this likelihood a Gaussian centered on the threshold χ max (M, m s ) with width σ χ = 0.05, with a prefactor 1 − χ max in front of it. This factor represents the fraction of BHs with spins higher than the threshold that have migrated out of the exclusion region to accumulate on the threshold line, under the simplifying assumption that they migrate in the χ direction only (i.e., we neglect the relatively small variations in the BH mass). In summary, the likelihood L ms (M, χ) in the presence of a boson of mass m s is defined by
The prefactor in front of the Gaussian ensures that the two likelihoods L 0 (M, χ) and L ms (M, χ) have the same "weight", in the sense that the integral L M dM dχ is independent of the model (so the presence or absence of an ultralight boson have, a priori, the same probability). This choice for the likelihood functions assures that the computation of the odds ratio is agnostic about the underlying astrophysical model. As stated earlier, the spin threshold χ max (M, m s ) is given by Eq. (25) . In practice this criterion is slightly complicated by the fact that the range of affected BH masses depends on the time available for each system to radiate, which in turn depends on the redshift. For simplicity we compute the spin limit using a constant instability time scale of 500 Myrs (approximately the age of the Universe at redshift z = 10), setting ω R = µ in Eq. (25) . The choice of this time scale is conservative in the sense that the exclusion region is smaller than it would have been if we had chosen longer time scales. Indeed, our choice reduces the likelihood discrepancy for low redshift BHs that will have migrated to the threshold line, but would not have had the time to do so had they merged at higher redshifts. For illustration, Fig. 9 shows the distribution of BH masses and spins for one realization of a two-year catalog with m s = 10 −16 eV, along with the corresponding spin threshold χ max (M, m s ).
We simulate LISA observations of these catalogs using a Fisher-matrix analysis similar to the study presented in [39] , using the updated LISA noise PSD of [11] . In addition to instrumental noise, we also include the boson mass-dependent confusion noise coming from superradiant BH instabilities shown in Fig. 1 of [79] . For each detectable binary (where detectability is defined as ρ > 10) 6 we approximate the recovered distribution for each binary BH component by a bivariate Gaussian centered on the true values (M i ,χ i ), with spread given by the two-dimensional inverse of the covariance matrix Γ = Σ −1 :
One problem is that GW observations can measure the reshifted mass M z = (1 + z)M , rather than the BH mass in the source frame M . Lensing effects will induce an extra uncertainty on the distance to the source of typical size σ lens D L (z), and through the redshift-distance relation D L (z) an extra uncertainty on the redshift of size σ lens z (z). We include the effects of lensing by adjusting the observed distribution p obs (M i , χ i ) along the mass direction. We estimate the typical extra error on the mass due to lensing as
where the luminosity distance error as a function of redshift can be estimated by the approximate relation [44, 130] 
At this stage we can compute the likelihood of an observed BH for each model M by integrating the product
where the index i labels the observed BH. In the absence of ultralight bosons we get L(i|M 0 ) = 1, and in the presence of bosons we use Monte Carlo methods to compute L(i|m s ).
In practice we generate a set of random points in the Regge
with an extra (spin-independent) jump in the mass direction due to lensing, which we assume to be Gaussian distributed with zero mean and standard deviation σ lens M (z). The integral is then approximated by
The integration with respect to mass and spin in Eq. (82) tends to suppress the effect on the odds ratio of potential observations in the exclusion region that would favor high spins with low confidence. As one can see from Eq. (79), if the measurement error on the spin is significant, Eq. (82) will show a significant overlap between the two factors inside the integral, even if the observed spin is higher than the threshold. Using this method we can simulate a set of LISA observations D and compute its likelihood for model M as
where the product is taken over all components of a binary observed with SNR ρ > 10. Then, assuming no prior preference, we compute the odds ratio between a model with boson mass m s and a model without bosons:
We simulated observations in the absence of ultralight bosons and in the presence of an ultralight boson with seven possible values of m s (one for each decade in the boson mass range m s ∈ [10 −19 , 10 −13 ] eV). For each boson mass and for the model without bosons, we simulated a set of 21 realizations of the LISA mission considering the three astrophysical models (popIII, Q3, and Q3-nod) and four choices for the observation time (6 months, 1 year, 2 years and 4 years), corresponding to a total of 252 simulations per model.
In the absence of an ultralight boson, we identify as excluded the range of masses where the odds ratio O satifies log[O(m s /M 0 )] < −4.5. This criterion corresponds to rejecting the presence of the given boson mass at 3-σ confidence level. This requirement to exclude a boson of a given mass corresponds to a false alarm rate of ∼ 10% for a fouryear mission in the popIII model, and less than 5% in the other models: the maximum odds ratio incorrectly favoring the presence of an ultralight boson in the 84 realizations where we assumed its absence was log(O max ) = 5.2 for the popIII model, 1.1 for the Q3 model, and 2.8 for the Q3-nod model. In the popIII case, a maximum odds ratio of 4.5 was exceeded twice. The median range of boson masses excluded in our simulations is summarized in Table III and Fig. 10 . As expected, in our light-seed (popIII) model the excluded boson masses are higher than in the heavy-seed models Q3 and Q3-nod, because the observed BH masses are generally lower in FIG. 10 . Median minimum and maximum boson mass excluded by LISA for different observation times T obs and BH evolution models (red, solid line: popIII; green, dotted line: Q3; blue, dashed line: Q3-nod). Due to the reduced merger rate in the Q3 model, limits on the boson mass could be put in more than half of the simulations only after one year of observations. light-seed scenarios. The Q3-nod model allows us to set more stringent bounds than the Q3 model, because the merger rate is higher when there are no delays between galaxy mergers and BH mergers. Furthermore, the Q3 model failed to allow for a boson mass exclusion after six months of observations in 12 of the 21 simulations due to its low merger rate. For any astrophysical models among the three we considered, four years of LISA observations would allow us to exclude boson masses in the range 4. to determine the accuracy with which m s can be determined. Our results are summarized in Table IV . We do not show results for masses where four years of observations were not enough to claim a boson detection. In marginal detections (log(O max ) 10), only the order of magnitude of the boson mass could be inferred. ] eV, with mass measurement errors of ∼ 40%. We remark that the biases in the recovered boson masses are sometimes comparable to the corresponding measurement accuracies: in low-mass (high-mass) seed models we tend to overestimate (underestimate) the boson mass. It is likely that this bias could be reduced with better modeling of the relevant physics -e.g. by evolving Eqs. (24) numerically for each BH from formation until merger -or with a more careful choice of the likelihood function, e.g. by taking the observed redshift of the system into account in the definition of the threshold line in Eq. (77), i.e. in the likelihood in the presence of bosons. A more detailed analysis of systematic and statistical errors in recovering the boson masses is an interesting topic for future work.
VII. CONCLUSIONS AND OUTLOOK
In this work and in the companion paper [79] we assess the detectability of light-boson condensates around BHs with GW interferometers combining the best available estimates for GW emission from these systems, state-of-the-art astrophysical BH population models, and relatively realistic GW data analysis techniques.
For both Advanced LIGO and LISA, we find that the most stringent constraints on the boson mass m s should come from the stochastic background produced by the superposition of unresolved GW signals from BH-boson condensate systems. We show that this background should be detectable by Advanced LIGO for m s ∈ [2 × 10 −13 , 10 −12 ] eV, and by LISA for m s ∈ [5 × 10 −19 , 5 × 10 −16 ] eV. We also find that existing constraints on the stochastic background from Advanced LIGO's O1 run may already rule out a range of boson masses in the Advanced LIGO window. Although the precise constrained regions depend on the astrophysical model, the order of magnitude of the stochastic background is robust with respect to astrophysical uncertainties, as shown in Fig. 2 We anticipate that pulsar-timing arrays [131] [132] [133] [134] [135] , though sensitive to the stochastic GW background in the nHz band, may not set stringent constraints on the masses of ultralight bosons. The reason lies in the very large instability and gravitational radiation time scales for bosons masses in the nHz band and in the paucity of massive BHs with masses M 10 10 M [136, 137] , which would be required to produce a significant background from BH-boson condensates. Conversely, an interferometer like DECIGO [138] would allow one to put constraints on boson masses m s ∼ 10 −14 eV.
Some of our conclusions differ from previous work on this topic by Arvanitaki et al. [19, 20] , which neglected the stochastic background from boson condensates in the LISA and in the LIGO band, focusing on resolved events. This had the two-fold effect of (i) missing the strong constraints (summarized above) from existing and projected stochastic background limits, and (ii) missing the "self-confusion" problem, i.e. the fact that the stochastic background itself is a confusion noise (similar to the familiar white dwarf confusion noise in the LISA band), impairing the detectability of individual sources.
Another important difference with respect to Arvanitaki et al. [19, 20] lies in our astrophysical models. Refs. [19, 20] focused on Galactic BHs as resolvable LIGO sources. This is probably the main reason why they overlooked the presence of a significant stochastic background, which is mostly produced by extragalactic BHs. Likewise, the lower LISA event rates found by [19] (in spite of their neglecting the aforementioned confusion noise from the background) seem to be due to their simplified (and overly pessimistic) models for the massive BH population. For example, Ref. [19] considered the chaotic accretion model of [139] , where BHs with large spins are unlikely. Such models are either disfavored or ruled out (depending on the assumed spin distribution) by iron Kα line data [76] .
Finally, our analysis of the statistical error affecting GW measurements of BH spins in the LISA band and our use of Bayesian model selection techniques (while far from realistic) are a step forward with respect to the estimates of [20] , and they lead to one of the most remarkable conclusions of our work. As shown schematically in Fig. 1 
